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The temporal growth rates are calculated for side-scat-
tering of light by modes near the upper and lower hybrid 
frequencies in a turbulent, inhomogeneous plasma. 

The existence of absolute side-scattering instabi-
lities in an unmagnetized plasma with linear density 
profile is now well-known *> 2. These instabilities can 
occur at about the same threshold pump intensity as 
the corresponding backscattering instabilities3. For 
side-scattering, both of the excited waves remain in 
the plasma and can result in further scattering or de-
cay, and subsequent absorption by plasma particles. 
Side-scattering processes are thus important for laser 
fusion applications. 

Besides the density gradient, in most plasmas an 
external or spontaneous magnetic field is usually 
present4. The role of the latter on the backscattering 
instabilities has been considered 5 ' 6 and found to be 
of importance. To our knowledge, side-scattering in-
stabilities in magnetized plasmas with a linear den-

sity profile have not been investigated before. In 
this note, we consider side-scattering by waves near 
the upper and lower hybrid frequencies. The effect 
of long-wavelength turbulence7 on these processes 
is also discussed. 

Consider an ordinary electromagnetic wave 2 E0 z 
cos (k0x — co0t) propagating perpendicular to a 
constant magnetic field B0z in a plasma with a linear 
density profile n(x) = n 0 ( l + x/L), where L is the 
density gradient scale length. We introduce a weak 
background long-wavelength turbulence, which 
causes a stochastic wave-number mismatch bx (a;). 
The correlation of the latter is taken to be Gaussian, 
i .e . , (öx(x)dx(x)) = Z l 2 e x p { - ( x - x ' ) 2 / 2 L?2}, 
where A2 = ( | bx |2 ) is the amplitude, and L^ is the 
characteristic length of the correlation. The angular 
bracket denotes averaging over the phases of the 
random functions. 

Since for side-scattering the scattered light is near 
its turning point and propagates almost perpen-
dicular to the density gradient, the usual WKB ap-
proach 8 fails. One should thus deal with the two 
coupled second-order differential equations for the 
excited modes1 . Accordingly, we average the 
coupling equations over the fluctuations, combine 
these equations and obtain 6 ' 9 for the averaged elec-
tric field amplitude (E s ) of the scattered radiation 
(a)s = co — co0 , fcs = Tc — fr0 ksy y) the equation 

where ojpj = 4 zz n0 e2/m.j, Q} = ej B0fm} c, j = e, i , v0 = e Ejme co0 , 
a n d R (x) = A2ET2 [.tz1'2 LT) e r f ( s / l / 2 L r ) + e x p { - x2/2 L/) - 1 ] , 

whereas (a>,k) are the low frequency electron 
and ion susceptibilities in an inhomogeneous 
magnetized plasma. We note that in the side-scat-
tering problem for wave propagation perpendicular 
to the magnetic field, only the low frequency waves 
are affected by the latter. The scattered light is as-
sumed to be also an ordinary mode. This cor-
responds to two-dimensional scattering 3. 

First, we consider the case of scattering by waves 
near the upper hybrid resonance frequency. 
Neglecting ion motion, letting 

-oj2e(l+x/L)/(co2-Qe2), 

and transforming the independent variable such that 
q = X (cope/c2 L) ^ — (D + B)/2 , 

we obtained for x ^ A"1, from Eq. (1) 
q(Q2-Qt2) 

do Q + a/q + B(l-q)/q 
(Es)=0, (2) 

where 

a = (D — B)/2, 
D = (a)pe/c2 L) (ws2Jc2 — a>pe /c2 — Afy) , 
B = ( co 2 e / c 2 L) - 2 / 3 ( c o 2 - , o ) H 2 ) / c 2 , 

OJH2 =» COpe + £?e2 > 

Ct2= (B + D)2/4q2 + a-DB)/q, 
I= V2 k2 L^/co2li 
<7= l+A2(co2e/c2L)-2l3l. 

For j e | ^ Qt< a/q + B(l-q)fq, Eq. (2) is a 
parabolic cylinder equation with two turning points 
at f> = + £>t • The stability behavior is obtained from 
the corresponding eigenvalue equation 
a2 + BD(l-q) +ql= (2Z + 1) . . (3) 

- q[a + B(l — q)]1!2, 

where Z is a positive integer. 
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Assuming e = (v0 k L Zf/cope)2 1 but A 1, we solve Eq. (3) by iteration. Letting co = wE — iy, 
where y is the growth rate, we obtain 

- +}'o i -
(2Z + 1 ) cco 
(2v0k)*'2L 1 + e 

w0 - wpe + 2 COH 
co0 — COpe + COH 

+ 1 + o j H ( co H - fJ 0 ) 
( o j 0 - c o p e + o j n ) 2 (4) 

where y0 = v0k copcf (co0 — COPE + OJh), and c2k2 = 2c2k-k0 + C O H 2 — 2 CO0 coE . 

The frequency shift caused by the pump has been 
neglected. Here, we have included the linear damp-
ing rates v1 and r 2 of the two excited waves in a 
phenomenological manner. The condition Qt ^ ajq 
+ B (1 — q) Iq corresponds to 

vjc > ( 2 I + 1 ) 2/3 ( O J J C k) W (k L) -2/'3 Q^ . 

(5) 

This inequality can be satisfied if the plasma is un-
stable. 

where c2 k02 = coH2 + 2 cope coH. We note that for 
Z?0 = Z1 = 0, Eq. (6) reduces to that obtained by 
Drake and Lee 3. 

Next, we investigate side-scattering by modes 
near the lower hybrid frequency. These modes can 
be considered to be electrostatic as the frequencies 
are close to the resonance frequency. For 

ß i « ö « | 0 e | 1 / 2 < ß e < c o p e , ; , 
one has 

In this case, the growth rate can readily be obtained 
from the resulting parabolic cylinder equation fol-
lowing the method used above. For small but finite 
turbulence level and inhomogeneity, we find 

y ^ mek2v02ALlmi\QeQi\1l2 . (7) 

It should be pointed out that in the limit of an in-
homogeneous non-turbulent plasma, Eq. (1) be-

On the other hand, the condition 
A[Qt+(D + B)l2](c2L/coleyi3<l 

turns out to be not stringent for our purpose. 
As a special case, we consider the situation when 

the scattered wave is not propagating. This happens 
at the point where co0 = cope + coH , and is analogous 
to the quarter-critical density point3 in an un-
magnetized plasma. Accordingly, ksy = 0 and k = k0 . 
The growth rate is then 

(6) 

comes an Airy equation. Hence the analysis leading 
to Eq. (7 ) , which is based on the existence of two 
turning points in the equation, breaks down. How-
ever, in this case, other effects, such as the non-
uniform expansion velocity of the plasma 1, cannot 
be neglected and the resulting equation is again a 
parabolic cylinder equation. This problem can then 
be analyzed similarly as above. 

In conclusion, we have obtained by means of 
simple models the effect of external magnetic fields 
and weak turbulence on parametric side-scattering 
instabilities. We have shown that growth rates of the 
averaged amplitudes are reduced in the presence of 
an external magnetic field. On the other hand, long-
wavelength turbulence enhances the inhomogeneous 
growth rates. 

This work is supported by the Sonderforschungs-
bereich 162 "Plasmaphysik Bochum/Jülich". 

7 = - K + y2) + ^ o^0 COpe 2 coH 
1 -

(2 / + l ) c COp'e2 , , 
pe (1 + 1.5 £) + — ( l -<w p c /4a> u ) 

(2 v0k)V2L 
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